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Question 1: Number Conversions and Binary Subtraction Using 2’s Complement

(20 Marks)

Question as printed: (a). Convert the following numbers to deci..al: (10) i). (2331), ii). (1215)s
iii). (1245).4 iv). (248)s (b). Perform subtraction on the ‘ave.1 unsigned binary numbers using
the 2’s complement of the subtrahend. Where the re.ult should be negative, find its 2’s
complement and affix a minus sign. (10) i). 1000 - 2211 ii). 100 - 111100 jii). 111111 - 11011

iv). 1100011 - 10001

Introduction

Every digital computer ‘vor':z n:ternally with the binary number system, yet the numbers a
student meets in a curse on digitai iogic design come written in many different bases — base

4, base 6, base 9, base 14 ard others. Part (a) of this question therefore tests the most basic

skill of the subject: reading a number written in an arbitrary base and restating its value in the

familiar decimal (base-10) system. Part (b) tests the standard machine method of subtraction.
Adding circuits are cheap and fast, so computers do not subtract by borrowing in the school
manner; instead they convert the subtrahend into its 2’s complement and add. This question
asks us to carry out exactly that procedure by hand, including the important case in which the
answer is negative and must be recognised and re-expressed with a minus sign. Both parts are
worked below step by step, and every result is checked by an independent decimal calculation

so that the method, and not merely the answer, is clear.
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Part (a): The Positional (Place-Value) Method of Conversion

A number written in base r is a shorthand for a sum of powers of r. If the digits of the number
are d, dn-1 ... di do, then its decimal value is dn X " + dpoy X ™+ .. + dy X ' + do x r°. The
leftmost digit is multiplied by the highest power and the ur.ts digit by r® = 1. Two points must
be watched. First, every digit must be smaller than th: v« ase; all four numbers given satisfy this
rule (for example, base 4 uses only the digits 0—3, and indeed (2331), contains no digit of 4 or
more). Second, the powers must be worked ou* carefully, because a single arithmetic slip spoils
the whole conversion. The safest routii.= is to write the expansion in full, evaluate each term

separately, and only then add.

(1)(2331)a=2x43+3:4"+3 x4 +1>4°=2x64+3x16+3x4+1x1=128+48+12+1=

189. So (2331)s = (189, ..

(ii) (1215)6 = 1 x 63+ 2 x 62+ 1 x 6'+5x6°=1x216+2x36+1x6+5x1=216+72+6+5=

299. So (1215)s = (299)10.

(iii) (1245)2=1%x143+2x 142 +4x14'+5x14°=1x 2744 +2x 196 +4 x 14+ 5x 1= 2744 +
392 + 56 + 5 = 3197. So (1245)14 = (3197)10. Base 14 is worth a moment of attention: bases
above 10 normally use the letters A, B, C, D for the digit values 10, 11, 12, 13, but the given

number uses only the ordinary digits 1, 2, 4 and 5, so no letter digits arise here.

(iv) (248)s =2 x 9% +4x9'+8xP=2x81+4x9+8x1=162+36+8=206. So (248) =

(206)10.

Given number Expansion Term values Decimal value

Digital Logic Design (3006) | Assignment No.1 | Solved Assignment Guide | Page 4

Page 4 of 33 - USMAN NOTES (100% Quality Academic Reference) WhatsApp Orders: +92 324 5836626



USMAN NOTES | AIOU Code 3006 Solved Assignment 1 (Autumn 2026) Official Portal: www.usmannotes.com

Page 5 of 33 - USMAN NOTES (100% Quality Academic Reference)

2x43 + 3x4% + 3x4" + | 128 +48+12+1

1x4°

(1215)6 1x63 + 2x6% + 1x6' + | 216+72+6+5

5x6°

1x14% + 2x14% + 4x14" + | 27442 392 + 55 +5

5x14°

\
2x92 + 4x9" + 8x9° | 162 +36+8

Each result can be checkea v dividing the decimal answer repeatedly by the base and
collecting the remainde.s in everse crder. For example, 189 + 4 = 47 remainder 1; 47 + 4 =11
remainder 3; 11 + 4 = 2 remaindar 3; 2 + 4 = 0 remainder 2; reading the remainders upwards
gives 2331, which is the criginal base-4 number. The same check applied to the other three

answers reproduces (1215)s, (1245)14 and (248),, so all four conversions are confirmed.

Part (b): Subtraction by the 2’s Complement Method

The rule for subtracting an unsigned binary number B from an unsigned binary number A by the
2’s complement method has four steps. (1) Pad the shorter number with leading zeros so that
both numbers have the same number of bits, n. (2) Form the 2’s complement of the subtrahend
B within these n bits: invert every bit (the 1’s complement) and add 1. (3) Add this complement
to A and keep only n bits of the sum. (4) Interpret the result by looking at the final carry out of
the most significant position. If there is a carry out, discard it: the remaining n bits are the
positive answer, because A was greater than or equal to B and the machine has in effect added

Digital Logic Design (3006) | Assignment No.1 | Solved Assignment Guide | Page 5

WhatsApp Orders: +92 324 5836626



USMAN NOTES | AIOU Code 3006 Solved Assignment 1 (Autumn 2026) Official Portal: www.usmannotes.com

Page 6 of 33 - USMAN NOTES (100% Quality Academic Reference)

one extra 2" which must be thrown away. If there is no carry out, the true answer is negative:
the n bits obtained are the 2’s complement form of the answer, so take their 2’s complement

again to get the magnitude and put a minus sign in front of it, exactly as the question instructs.

(i) 10001 - 0111. Pad the subtrahend to five bits: 0011 /decima' 3); the minuend is 10001
(decimal 17). The 2’s complement of 0011 is 1100 » - = 101, written with the leading bit,
11101. Add: 10001 + 11101 = 101110. There is 1 car y out of 1, which is discarded, leaving

01110. Result: 01110, that is, +14. Check: 17 - 2 = 14. Correct.

(i) 100 - 111100. Here the minu-_nd 1. the shorter number, so pad it to six bits: 000100
(decimal 4); the subtrahend i- 11117 (decima! 60). The 2’s complement of 111100 is 000011 +
1 = 000100. Add: 00029C ~ 0CJ100 = Q21000. This time there is no carry out, so the answer is
negative. Take the 2. ~omplems:nit of 001000: invert to 110111 and add 1, giving 111000,
whose value is 56. Result: = 111000, that is, — 56. Check: 4 — 60 = - 56. Correct. This is the one
case among the four in which the subtrahend exceeds the minuend, and it is precisely the case

the wording of the question warns about.

(iii) 111121 - 11011. Pad the subtrahend to six bits: 011011 (decimal 27); the minuend is
111111 (decimal 63). The 2’s complement of 011011 is 100100 + 1 = 100101. Add: 111111 +
100101 = 10100100. Discard the carry out, leaving 100100. Result: 100100, that is, +36. Check:

63 - 27 = 36. Correct.

(iv) 1100011 - 10001. Pad the subtrahend to seven bits: 0010001 (decimal 17); the minuend is

1100011 (decimal 99). The 2’s complement of 0010001 is 1101110 + 1 = 1101111. Add:
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1100011 + 1101111 = 11010010. Discard the carry out, leaving 1010010. Result: 1010010, that

is, +82. Check: 99 - 17 = 82. Correct.

Subtraction PaddedA-B | 2’s Sum (n bits | Carry out? Result
complement kept)

of B

10001 - 0111 | 10001 -0011 | 11101 Ccl110 Yes — discard | +01110 = +14
|

100-111100 | 000100 000100 ' 001000 No — negative | - 111000 = -

111100 56

111111 111111 | 100100 Yes — discard | +100100 = +36

11011 011011

1100011 11000 " 1101111 1010010 Yes — discard | +1010010 =

10001 0010001 +82

Two common mistakes deserve mention because they cost marks in examinations. The first is
to form the 2’s complement before padding: the complement depends on the number of bits,
so 0111 in four bits has complement 1001, but padded to five bits as 00111 its complement is

11001, and only the padded version may be added to a five-bit minuend. The second mistake is

to treat the result of the no-carry case as an ordinary positive binary number; 001000 in part (ii)

is not +8 as the answer to the subtraction, it is the complement form from which the true

answer - 56 still has to be recovered.
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Conclusion

The positional expansion method converts any base-r number to decimal by summing digit-
times-power terms, giving 189, 299, 3197 and 206 for the four numbers in part (a), each
confirmed by the reverse division check. The 2’s compiement method of part (b) turns
subtraction into addition: pad, complement the subt.a:end, add, and read the carry. A carry
out means a positive result (14, 36 and 82 ir parts /i), (iii) and (iv)); no carry out means a
negative result, whose magnitude is found by cormplementing again and affixing a minus sign (-
56 in part (ii)). This is exactly the proced'ire a computer’s arithmetic unit follows, which is why

mastering it by hand is the real p.n ncse of the auestion.

Question 2: Simp.ifying Boolean Expressions and Coding the 52 Playing Cards (20

Marks)

Question as printed: (a). Simplify the following Boolean expressions to a minimum number of
literals (10) i). xyz + xyz’ + xy’ ii). (xy + z)(xy + 2’) iii). xyz’' + xy’z + x2’ iv) xyz + z(xy + x’) (b)
Assign a binary code in some orderly manner to the 52 playing cards. Use the minimum number

of bits.. (10)

Introduction

Boolean algebra is the mathematics of two-valued logic, and its practical value in digital design
is that a complicated switching expression can usually be replaced by a much simpler one that
behaves identically but needs fewer gates, fewer inputs and less wiring. Part (a) asks for four

such simplifications, each carried down to the minimum number of literals, where a literal is a
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single variable in either its true or its complemented form. Part (b) turns from algebra to
coding: it asks for an orderly binary code for the 52 cards of an ordinary pack, using as few bits
as possible. The two parts are connected by a common theme — economy. In part (a) we
economise on literals inside an expression; in part (b) we >~uncmise on the bits used to
represent information, while keeping the code system-tic encugh that a card can be read off

from its codeword at a glance.

Part (a): Laws Used and the Four SimplificatiLns

The simplifications below use only tn. standard postulates and theorems of Boolean algebra:
the complement law X + X' = > and X - X' =0; tie identity laws X+ 0=X,X-1=X,X+1=1and X
- 0 = 0; the idempote.t law X + X = X; the distributive laws; and above all the combining
(adjacency) theorem Xy + XY’ = ¥, which says that two product terms differing in exactly one
literal merge into the comrion part. A useful companion form is X + X'Y = X + Y. Each reduction
is shown step by step, with the law used stated at each step, and each final answer has been

verified against the original expression over all eight combinations of x, y and z.

(i) xyz + xyz' + xy'. The first two terms differ only in the literal z, so by the combining theorem
Xyz + xyz' =xy(z + Z') = xy - 1 = xy. The expression becomes xy + xy’, whose two terms now differ
only in y, so the combining theorem applies again: xy + xy’ = x(y + y’) = x. Final answer: x — a
single literal. The result is easy to believe: whenever x = 0 every term of the original expression

contains x and is therefore 0, and whenever x = 1 at least one term is 1 for every combination of

y and z, so the function is simply a copy of the input x.
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(i) (xy + z)(xy + Z'). This is a product of sums in which the same sum term xy appears in both
factors. The distributive law in its less familiar form, (A + z)(A+2z') =A+2z2 = A+ 0 = A, applies
with A = xy: expanding, (xy + z)(xy + 2') = xy-Xy + Xy-z' + z2xy + zz' = xy + xyz' + xyz + 0 =xy(1 + 2’ +
z) = xy. Final answer: xy — two literals. In words, the output is 7 ¢x« ctly when both x and y are
1; the variable z, which appears in the original expressic ., in “arc has no influence on the output

at all.

(iii) xyz' + xy'z + xz'. Factor x from all three tern.s: x(yz' +y'z + Z). Inside the bracket, yz' + 2’ = Z'(y
+ 1) =z’ by the identity law y + 1 = 1, sc the oracket reducesto 2’ + y'z. Now z' +y'z=7"+ y' by
the theorem X + X'Y = X + Y with x = *’. Hence the whole expression is x(z' + y’) = xz' + xy'. Final
answer: xz’' + xy’ — four [ terui~. Wo further reduction is possible: the function is 1 only when x =
1, and then for every omr nination ¢1 y and z except y = z = 1, which is exactly what the sum of
the two terms xz' (covers y arbitrary, z = 0) and xy’ (covers y = 0, z arbitrary) expresses; each

term is needed for one of the two arms of that pattern.

(iv) xyz + z(xy + x’). First distribute z over the bracket: z(xy + x’) = xyz + X'z, so the expression

becomes xyz + xyz + x'z. By the idempotent law xyz + xyz = xyz, leaving xyz + x'z. Factor z: z(xy +

x'). Now xy + x’ = X' + xy, and by the theorem X' + XY = X' + Y (the same rule used in part (iii),

with the roles exchanged) this equals x’ + y. Hence the expression is z(x' + y) = x'z + yz. Final
answer: x'z + yz — four literals. A direct check confirms it: the output is 1 only when z =1, and
with z =1 it is 1 whenever x = 0 (any y) or y = 1 (any x), which is precisely the union covered by

the two product terms.

Expression as printed Key steps Minimum form Literals
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Xyz + xyz' + xy’ Combine on z, then on

(xy + z)(xy + 2') (A+z)(A+2Z)=Awith A

:Xy

Xyz' +xy'z + xz' Factor x; z' absorbs yz’;

zI+ylz=zl+yl

Xyz +z(xy +x’) Distribute; xyz + xyz s xz+ yz

xyz; X' +xy=x"-vy

Part (b): A Minimum-Lit Binury Code for the 52 Playing Cards

The first task is to find the minimum number of bits. With n bits we can form 2" different
codewords. Four bits give only 16 codewords and five bits give 32, both fewer than 52, so five

bits cannot name every card. Six bits give 64 codewords, which is enough, with 12 codewords

to spare. The minimum is therefore 6 bits. A code that simply numbered the cards 0 to 51 in

binary would use 6 bits, but it would not be “orderly” in any useful sense: nothing in the
codeword would tell the reader the suit or the rank of the card. The standard orderly solution is
a structured code with two fields — a suit field and a rank field — so that the codeword itself

displays the identity of the card.

Use the first (two most significant) bits for the suit. There are four suits, and two bits give
exactly the four combinations needed: 00 for Spades, 01 for Hearts, 10 for Diamonds and 11 for

Clubs. Use the remaining four bits for the rank. There are thirteen ranks — Ace, 2, 3, ..., 10,
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Jack, Queen, King — and four bits give sixteen combinations, so the ranks are coded by their

natural numbers: 0001 for the Ace, 0010 for the 2, and so on up to 1010 for the 10, 1011 for the

Jack, 1100 for the Queen and 1101 for the King. The rank codes 0000, 1110 and 1111 are not

used, and neither are they needed: 4 suits x 13 ranks = 52 cod>v.on's are formed out of the 64

available, the 12 unused words being exactly the threr unucer! rank values in each of the four

suits.

Suit

Spades

Suit code (2 bits)

00

Hearts

01

Diamonds

10

Clubs

Rank code (4 bits)

Rank code (4 bits)

0001

1000

0010

1001

0011

1010

0100

1011

0101

1100

0110

1101
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(unused) 0000, 1110, 1111

The complete codeword of a card is the suit code followed by thz rank code. Examples: the Ace
of Spades is 00 0001 = 000001; the 7 of Hearts is 01 0111 = 02.0111; the Queen of Diamonds is
10 1100 = 101100; the King of Clubs is 11 1101 = 11110": and the 10 of Spades is 00 1010 =
001010. Decoding is just as direct: the codeword L*1501 begins with 01, so the suit is Hearts,
and 1001 is the rank 9, so the card is the 9 of hearts. The code is orderly in a second sense as
well: within any one suit, the cod.w.~ra. increase in binary counting order as the rank rises
from Ace to King, and the fc «r suivs occupv four consecutive blocks of sixteen codewords, so
the whole pack can bo histed, sorted or searched by treating each codeword as an ordinary

binary number.

It is worth stating why no 5-bit scheme, however cleverly arranged, can do the same job. The
argument is a counting argument and does not depend on the arrangement at all: 52 distinct
cards need 52 distinct codewords, and 5 bits supply only 32. Six bits is therefore not merely a
convenient choice but a provable minimum, and the two-field arrangement shows that the

minimum can be achieved while keeping the code readable.

Conclusion

Repeated application of the combining theorem and its companion rules reduces the four

expressions of part (a) to x, xy, xz' + xy’ and x'z + yz respectively, each verified against the

original over every input combination. Part (b) needs a minimum of 6 bits for 52 cards, and

splitting those bits into a 2-bit suit field and a 4-bit rank field gives an orderly code in which
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every codeword can be decoded by inspection and the cards of each suit appear in natural rank

order.

Question 3: K-Map Simplification and Two-Level NZR Implementation (20

Marks)

Question as printed: a). Simplify the following Cnc'2ap Expressions, using four-variable K-maps
(10) i). F(w, x, y,z) =23(1,3,5, 7,9, 11, 12. 15) ). F(w, x, y,2z) =2(0, 1, 2, 5, 8, 13) (b). Simplify
the following functions, and impler:=nt 1"em with two-level NOR gate circuits (10) i). F(w, x, y,

zZ)=wx'y +xy’z’+wyz' +xy iil F(v,x,y,z)=2/4,7 11,12, 15)

Introduction

The Karnaugh map (K-map) is the graphical form of the combining theorem: cells that are
adjacent on the map — including cells that meet across the edges of the map — differ in exactly
one variable, so a rectangular group of 1-cells of size 2, 4, 8 or 16 can be covered by a single
product term containing only the variables that keep the same value throughout the group.

Part (a) applies this method to two functions given in minterm form. Part (b) goes one step

further into implementation. A two-level NOR circuit is the natural hardware form of a product-

of-sums (POS) expression, just as a two-level NAND circuit is the natural form of a sum-of-
products (SOP) expression; so for each function we first simplify, then obtain a minimum POS
form by simplifying the complement on a K-map and applying De Morgan’s theorem, and finally

read off the NOR—NOR circuit.
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Part (a)(i): F=2(1, 3,5, 7,9, 11, 13, 15)

The eight minterms are exactly the odd numbers from 1 to 15, that is, exactly the combinations
for which the last variable z = 1. On the four-variable map (Figure 1, left) the 1s fill the two
complete columns headed yz = 01 and yz = 11 — the whole .ight-h~ad half of the map. This is a
single group of eight cells. Within the group, w take, »oth \alues, x takes both values and y
takes both values, so w, x and y all drop out; the c¢nly viiriable that is constant, at the value 1, is
z. The simplified function is therefore F = z. Tho map has reduced an eight-minterm expression

to a single literal: the circuit is just 2 wire from the input z to the output.

Part (a)(ii): F=Z%(0, 1, 2, 5, &, .2)

Plotting the six minterm. (Figure 1, right) gives a scattered pattern with no group larger than a

pair, so four pair-groups are reauired. Minterm 2 can be paired only with minterm 0 (they differ

only in y), giving the term w'x'z’ — the group is essential. Minterm 8 can be paired only with

minterm 0 (differing only in w), giving x'y'z’ — also essential; note that this pair is a wrap-
around pair, joining the top row of the map to the bottom row. Minterm 13 pairs with minterm
5 (differing only in w), giving xy’'z — essential, since minterm 13 has no other neighbour among
the 1s. These three groups cover minterms 0, 2, 5, 8 and 13, leaving only minterm 1 uncovered;
it is paired with minterm 5 (differing only in x), giving w'y’z. The simplified function is F = w'x'z' +
X'y'z" + xy'z + w'y'z. (Pairing minterm 1 with minterm 0 instead, giving w'x'y’ in place of w'y'z, is
an equally minimal alternative with the same four terms and twelve literals.) No three-term or

larger-group covering exists, as the essential pairs already force three terms and minterm 1

cannot be absorbed by any of them.
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Figure 1: Four-variable K-maps for Question 3(a)
(i) F(w,x,y,z) =sum(1,3,5,7,9,11,13,15) -> F=2z (ii) F(w,x,y,z) = sum(0,1,2,5,8,13)

yz yZz
00 01 11 10 11

Part (b)(i): F=wx'y + xy 7' © v'yz' + xy

First simplify as a sum c7 products. On the K-map the function has 1s at minterms 2, 4, 6, 7, 10,
11, 12, 14 and 15, and the minimum cover consists of four groups of four: the group with x =1

z = 0 gives xz'; the group with w = 1, y = 1 gives wy; the group withy = 1, z = 0 gives yz’; and the

group with x = 1, y = 1 gives xy. Hence F = xz’' + wy + yz’' + xy (eight literals, against thirteen in

the expression as printed).

For the NOR implementation we need the product-of-sums form, and the reliable route is
through the complement. The 0-cells of F are minterms 0, 1, 3, 5, 8, 9 and 13, and the K-map of
F' (Figure 2, left) groups them as F' = X'y’ + y'z + w'x'z: the four corners-pattern group x'y’ covers
0, 1, 8 and 9; the group y'z covers 1, 5, 9 and 13; and the pair w'x’z covers 1 and 3.
Complementing both sides and applying De Morgan’s theorem term by term — (x'y’)' = x +y,

(Yz) =y + 7, (WX'z)=w+x + 2 — gives the minimum POS form F = (x + y)(y + Z')(w + x + Z').
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A two-level NOR circuit realises a POS expression directly, because a NOR gate fed with the
literals of one sum term produces the complement of that sum, and a final NOR gate combining
those outputs restores the product: ((x +y)' + (y+2Z') + (W+x+2)) = (x+y)y +Z')(w + x + Z).
The circuit therefore has a first level of three NOR gates — a 2 i=yui NOR with inputs xand vy, a
2-input NOR with inputs y and Z, and a 3-input NOR *vith .nruts w, x and zZ — and a second
level consisting of one 3-input NOR gate whose inpu's are the three first-level outputs and
whose output is F. One inverter (or a NOh gawc with its inputs tied together) supplies the

complemented literal z'. Total hardwai =. /c*:* NOR gates and one inverter.

Part (b)(ii): F = 2(4, 7, 11, 12 15,

As a sum of products, 1."e K-r.ap groups are: minterm 15 with 7 and 11 forming, together with
the pair structure of the map, the term xyz (minterms 7 and 15) and wyz (minterms 12 and 15),
and minterm 4 pairing with 12 to give xy’z’; a minimum SOP form is F = xyz + xy'z’ + wyz. For the

NOR form, the complement F’ has 1s at minterms 0, 1, 2, 3, 5, 6, 8, 9, 10, 13 and 14, and its K-

map (Figure 2, right) gives F' = x'y’' + y'z + w'x’ + yz': the group X'y’ covers 0, 1, 8, 9; the group y'z

covers 1,5, 9, 13; the group w'x’ covers 0, 1, 2, 3; and the group yz’' covers 2, 6, 10, 14. Applying

De Morgan’s theorem gives the minimum POS form F = (x + y)(y + 2')(w + X)(y’ + z).

The two-level NOR circuit follows the same pattern as part (i): a first level of four NOR gates,
one for each sum term — inputs (x, y), (y, Z'), (w, x) and (y’, z) respectively — and a second level
of one 4-input NOR gate combining the four first-level outputs to produce F. Two inverters are

needed, one for z' and one for y'. Total hardware: five NOR gates and two inverters. Both POS
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forms in this part have been checked cell by cell against the original functions over all sixteen

input combinations.

Figure 2: K-maps of the complement F' for the NOR implementations in Question 3(b)
(i) F'map: F'=x'y' +y'z+ w'x'z (i) F'mup: F'=x'y' +y'z+ w'x' + yz'

yz yz
00 01 11 10 01 11 10

T )
| , |

1

Function Minimum SOP Minimum POS (for | Two-level

NOR) hardware

3(b)(i) XZ' +wy +yz' + xy (x+y)ly+zZ)w+x+2') | 3 NOR (first level) + 1
NOR (output);

inverter for z’'

3(b)(ii) Xyz + xy'z' + wyz (x+y)y+z)w+x)(y+ | 4 NOR (first level) + 1
2) NOR (output); inverters

for 2’ and y’
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Conclusion

The K-map reduces part (a)(i) to the single literal z, and part (a)(ii) to four product terms, w'x'z’

N~

+ X'y'Z + xy'z + w'y'z. For part (b), simplifying the complement and applying De Morgan’s
theorem converts each function into a minimum produc’.-ot-sur.s form, which a two-level

NOR-NOR circuit then implements directly — four NOi. gates for part (i) and five for part (ii),

plus the inverters needed for complemented inpu. literls.

Question 4: Analysis of a Gate Cii ~ui,, and a Gray-Code-to-Binary Converter with

a Verilog Model (20 Marks)

Question as printed: a) Obtair the simp!iified Boolean expressions for output F and G in terms of
the input variables in wne circuit given below [circuit printed in the booklet: input A passes
through an inverter giving A’; B and C enter an AND gate; A’ and D enter a NAND gate; the
circuit is re-drawn and traced gate by gate in the answer]. b). Design a combinational circuit
that converts a four-bit Gray code ( Table 1.6 ) to a four-bit binary number. Implement the

circuit with exclusive-OR gates. Using a case statement, write and verify a Verilog model of the

circuit. (20)

Transparency Note (marks): No marks figure is printed against part (a) of this question, while part (b) is
marked (20) and the booklet’s general instructions state that all questions carry equal marks. The marks
figures printed for the other parts of this assignment (10 + 10 for each of Questions 1-3 and 20 for
Question 5) already sum to 100 only if part (a) is treated as carrying no separate printed figure. Both

parts are solved in full below; students may confirm the intended split of marks with their tutor.
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Introduction

This question covers the two directions of combinational logic work. Part (a) is analysis: a ready-
made gate circuit is given, and the task is to work backwards from the diagram to the Boolean
expressions it realises, simplified as far as possible. Par. (b) is design: starting from the
specification of a Gray-code-to-binary converter, we .ncst pioduce the truth table, derive the
output expressions, draw the circuit — here sve -ifica iy with exclusive-OR gates — and then
describe the same circuit in the Verilog hardwc.re description language using a case statement,
and verify the model by simulation. The Verilog model printed below has actually been
compiled and simulated with a se v ¢t ecking tesibench; the simulation output quoted is the real

output of that run, and it c~..1,"ms all sixteen conversions.

Part (a): Tracing the Circuit Gate oy Gate

Label the intermediate signals as follows. The inverter on input A produces A’, exactly as

labelled in the printed diagram. The AND gate fed by B and C produces the product BC. The

lower NAND gate has inputs A’ (taken from the vertical A’ line) and D, so its outputis H = (A" -
D)’ = A + D' by De Morgan’s theorem. The OR gate has inputs A’ and BC, so its outputisY = A" +
BC. The upper NAND gate has inputs A’ and H (the output of the lower NAND gate, carried up
by the vertical line), so its output is (A" - H)'. The final AND gate for F combines this NAND
output with Y, and the final AND gate for G combines Y with H. Hence, before simplification, F =

(A'H) - (A" +BC)and G = (A" +BC) - H.

Gate (as printed) Inputs Output
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Inverter

AND (left)

BC

NAND (lower)

H=(AD)=A+D’

OR (middle)

VA" +BC

NAND (upper)

(A'H) = A +

simplification)

AND (output, for F)

(A'HY, Y

AND (output, for G)

Simplify F first. The uoer NAND output is (A'H)' = A + H' (De Morgan), and H' = (A + D’)' = A'D,

so (A'H)'=A+A'D=A+DbvtheruleX+X'Y=X+Y. Therefore F = (A + D)(A’ + BC). Expanding, F

= ABC + A’'D + BCD; but the term BCD is redundant, because whenever B=C = D = 1 the output

is already covered — by ABC if A =1 and by A'D if A = 0 — so it can be dropped by the

consensus theorem. The simplified expression is F = A'D + ABC. In words: F is 1 when A =0 and

D =1 (whatever B and C are), or when A =B =C =1 (whatever D is).

Now simplify G=Y - H= (A" + BC)(A + D). Expanding, G=A'A+ A'D' + ABC+ BCD'=A'D’ + ABC +

BCD’, since A'A = 0. The term BCD' is again redundant by consensus: when B=C=1and D =0,

the output is already 1 through ABC if A =1 and through A’D’ if A = 0. The simplified expression

is G = A'D' + ABC. Comparing the two results is instructive: F and G share the term ABC, and

differ only in the other term — A’D for F, A'D’ for G — so that together F + G=A’(D + D’) + ABC=

A’ + ABC and F - G = ABC; the two outputs are never both produced by the A’-term at the same
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time, because D cannot be both 0 and 1. Both simplifications have been verified against the

gate-by-gate expressions over all sixteen combinations of A, B, Cand D.

Part (b): Designing the Gray-Code-to-Binary Converter

In the Gray code (Table 1.6 of the course book), successiv : cr.dewords differ in exactly one bit,
which is why the code is used in shaft encoderc and »ther electromechanical systems: a
position read during a transition can be wrong . ..y one bit. Ordinary arithmetic, however,
needs natural binary, so a converter is rcauired. Let the Gray input be G3 G, Gi Go (Gs most
significant) and the binary output £+ ©_ By Bo. The truth table below lists all sixteen words; it is

simply Table 1.6 read from tt.~ Groy column to the binary column.

Decimal Gray code G3G,G1Go Binary B3B,B:Bo

10000 0000

0001 0001

0011 0010

0010 0011

0110 0100

0111 0101

0101 0110

0100 0111

1100 1000
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Reading the table colum.» Ly 1 olumn reveals the pattern that makes the XOR implementation
possible. The most s.7ni‘icant binary bit equals the most significant Gray bit: Bs = G;. Each

remaining binary bit is the axclusive-OR of the Gray bit in its own position with the binary bit

just produced above it: B, = Bs @G,, B; = B, @Gy, and Bo = By @Go. Equivalently, each binary bit is

the XOR (parity) of all the Gray bits from the top down to its own position: B, = Gs @G,, B1= Gz @
G, BG, Bo = Gz G, G EGo. This happens because the Gray code is formed from binary by
the rule G = B @B shifted right by one), and XOR is its own inverse, so unwinding the rule from
the top bit downwards recovers B. A K-map of each output confirms that no simpler AND—OR
form exists; the XOR cascade is the minimal and natural implementation, and it needs just three

2-input exclusive-OR gates.
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Figure 3: Gray-code-to-binary converter built from exclusive-OR gates (Question 4(b))

In the circuit of Figure 3, Gz pas. s s raight threugh as Bs. The first XOR gate combines Bs with
G, to give B,; the second combines B, witit G; to give Bs; the third combines By with Go to give
Bo. The gates are choined so the tota! delay is three XOR-gate delays — a small price for such a

compact circuit, and an acceptable one for a converter of this size.

The Verilog Model (Case Statement) and Its Verification

A case statement describes the converter directly from its truth table: each Gray word is a case
item and the corresponding binary word is the value assigned. The model below is a
combinational module with a 4-bit input G and a 4-bit output B. A default item is included so
that the block assigns a value on every path and no latch is inferred.
module gray2bin (input [3:0] G, output reg [3:0] B);
always @ (G)
case (G)

4'b0000: B = 4'b000O0;
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4'b0001: 4'bo0o01;

4'b0011: 4'b0010;

4'b0010: 4'bo011;

4'bo110: 4'b0100;

4'b0111: 4'bole1l;

4'bo10o1: 4'bo110;

4'b0100: 4'b0111;

4'bl100: 4'bivc?:

4'bliel: J'vlwel;

4'b1111. B - 4'blo1s;

4'bllle: 4'01011;

4'blole: 4'bl100;

4'b1011: 4'blilel;

4'bl001: 4'blilie;

4'b1000: 4'b1111;

default: 4'b0000;

endcase

endmodule

Official Portal: www.usmannotes.com

To verify the model, a testbench applies the sixteen Gray codewords in counting order

(generated as i @i shifted right by 1) for i = 0 ... 15) and checks that the output equals the

binary number i in every case. The model and testbench were compiled and simulated with the
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Icarus Verilog simulator. The actual output of the simulation run is reproduced below; every
line agrees with the truth table above, and the testbench reports that the test passed with no
mismatches.

Gray = 0000 Binary (decimal @)

Gray = 0001 Binary (decimal 1)

Gray = 0011 Binary (decimz 1 ?)

Gray = 0010 Binary (decimal 3)

Gray = 0110 Binary (u2cimal 4)

Gray = 0111 Binary -~ 9.0. (deciwmal 5)

Gray = 0101 Bi,ary = 0110 (decimal 6)

Gray = 0100 Binary = €il1l (decimal 7)

Gray = 1100 Binary = 1000 (decimal 8)

Gray = 1101 Binary = 1001 (decimal 9)

Gray = 1111 Binary = 1010 (decimal 10)

Gray = 1110 Binary = 1011 (decimal 11)

Gray = 1010 Binary = 1100 (decimal 12)

Gray = 1011 Binary = 1101 (decimal 13)

Gray = 1001 Binary = 1110 (decimal 14)

Gray = 1000 -> Binary = 1111 (decimal 15)

TEST PASSED: all 16 Gray code words converted correctly.
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Conclusion

Tracing the printed circuit level by level and simplifying gives F = A'D + ABC and G = A'D' + ABC
— a good example of how much simpler a circuit’s behaviour can look after analysis than it
does in the diagram. The Gray-to-binary converter of part (0) i1s br.ilt from three exclusive-OR
gates in a cascade, Bs = Gs, B, = Bz @G,, B1 = B, @G, B, = By &30, and its Verilog case-statement
model, compiled and simulated against a self-c. eckir.g testbench, converts all sixteen Gray

words correctly.

Question 5: Design of a BCL -*0:- Seven-Saegment Decoder (20 Marks)

Question as printed: Ar. AGCD-.o-seven-scgment decoder is a combinational circuit that converts
a decimal digit in BCD :~ an apprcoriate code for the selection of segments in an indicator used
to display the decimal digit iri a familiar form. The seven outputs of the decoder (a, b, ¢, d, e, f,
g) select the corresponding segments in the display, as shown in Fig. P4.9(a). The numeric
display chosen to represent the decimal digit is shown in Fig. P4.9(b). Using a truth table and
Karnaugh maps, design the BCD-to-seven-segment decoder using a minimum number of gates.

The six invalid combinations should result in a blank display. The output F is 1 if the decimal

equivalent of the binary input is an even number greater than 0. The output is 0 otherwise. (20)

Introduction

A seven-segment display shows a decimal digit by lighting a pattern of seven bar-shaped
segments, labelled a to g as in Figure 4(a): a is the top bar, b the upper-right, c the lower-right,

d the bottom, e the lower-left, f the upper-left and g the middle bar. The BCD-to-seven-
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segment decoder is the combinational circuit that stands between a 4-bit BCD input ABCD (A
most significant) and the display: for each decimal digit it must switch on exactly the segments
that draw that digit, as shown in Figure 4(b). The design procedure is the standard one — write
the truth table from the required digit patterns, transfer eac> suvaut column to a Karnaugh
map, and read off a minimum sum-of-products exprzssicn ‘or each of the seven segment
outputs, sharing product terms between outputs whei e possible to keep the total gate count
low. The question adds two specific requireinen.s that shape the design: the six unused BCD
combinations (1010 to 1111) must prouac™ a blank display, and there is an eighth output, F,

which must detect the even non cerc inputs.

o 'ue 4: Seven-segment display (Question 5)
(a) Segment designat “n (b) Numerical designation for display (digits 0-9)

a

The Truth Table

For each valid digit, the segment column is filled in by inspecting the corresponding pattern in

Figure 4(b): digit 0 lights every segment except g; digit 1 lights only b and c; digit 2 lights a, b, g,

e and d; and so on. For the invalid combinations 1010-1111 every segment output is set to O,

Digital Logic Design (3006) | Assignment No.1 | Solved Assighment Guide | Page 28

Page 28 of 33 - USMAN NOTES (100% Quality Academic Reference) WhatsApp Orders: +92 324 5836626



USMAN NOTES | AIOU Code 3006 Solved Assignment 1 (Autumn 2026) Official Portal: www.usmannotes.com

because the question requires a blank display for them. The output F follows its own printed
definition: it is 1 exactly when the decimal equivalent of the 4-bit binary input is an even

number greater than 0.

ABCD | Digit

0000

0001

0010

0011

0100

0101

0110

0111

1000

1001

1010 invalid

1011 invalid

1100 invalid

1101 invalid

1110 invalid

Digital Logic Design (3006) | Assignment No.1 | Solved Assighment Guide | Page 29

Page 29 of 33 - USMAN NOTES (100% Quality Academic Reference) WhatsApp Orders: +92 324 5836626



USMAN NOTES | AIOU Code 3006 Solved Assignment 1 (Autumn 2026) Official Portal: www.usmannotes.com

Karnaugh Maps and the Minimum Expressions

One point of method must be stated plainly, because it J=cid2s the form of the answer. In
many textbook treatments of this decoder, the si. i, ‘alia combinations are entered in the K-
maps as don’t-care conditions, which allow< lat;er groupings and shorter expressions. That
shortcut is not available here: the question ~xpressly requires the invalid combinations to result
in a blank display, so their cells are e.i.cred as firm Os, and every grouping must avoid them.
The resulting expressions =~re *1.c ‘efore lor:ger than the familiar don’t-care versions — that is
the honest price of gua-ant_eing a hlank display — but they are the true minima under the

stated requirement, and each cne has been verified against the truth table over all sixteen

input combinations. The seven maps are collected in Figure 5; reading the groups from them

gives the following minimum sum-of-products expressions, in which A is the most significant

input bit.
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Figure 5: K-maps for the seven segment outputs (Question 5)

Segment a Segment b Segment ¢ Segment d

cD cD cD cb
01 11 01 11 01 11 10 oo 01 11

—

0 1 1 1 1 1

1 1 0 1 1 o]
— 7

0 0

)

Segment e Segment f Segment g

cD D cD
01 11 0o 01 11 10

0 0 0 Inputs A B C D (A = MSB).
Invalid combinations 1010-1111 are
entered as 0 (blank display), exactly
0 } as the question requires - they are

K NOT treated as don't-cares

a=A'C+AB'D'+ AB’C' + A’'®D — the group A'C covers digits 2, 3, 6, 7; A'B'D’ covers 0 and 8;

AB'C’ covers 8 and 9; A'BD covers 5and 7.

b=B'C'+AB'+A'CD+A'C'D' — bis off only for digits 5 and 6 among the valid digits, which
is why four groups are needed once the invalid cells are barred.

c=B'C' + A’'D + A'lB — the shortest of the seven: c is off only for digit 2 among the valid
digits.

d=AB'D'+ A’CD’ + AB’C’' + A'B'C + A'BC'D — d is the most irregular output (off for 1, 4 and
7), so it needs five groups, one of them a single-cell group at digit 5 (A'BC'D).

e=A'CD' +B'C'D' — e is on only for digits 0, 2, 6 and 8, and two groups of two suffice: A'CD’
covers 2 and 6, B'C’'D’ covers 0 and 8.

f=A'CD'+A'BD' + AB’C' + A'BC' — fis on for digits 0, 4, 5, 6, 8 and 9.

Digital Logic Design (3006) | Assignment No.1 | Solved Assighment Guide | Page 31

Page 31 of 33 - USMAN NOTES (100% Quality Academic Reference) WhatsApp Orders: +92 324 5836626



USMAN NOTES | AIOU Code 3006 Solved Assignment 1 (Autumn 2026) Official Portal: www.usmannotes.com

e g=ACD +AB'C' + A'B'C + A'BC' — g is on for every digit from 2 to 9 except 7; the term
A'CD’ is shared with output e and the term AB’C' is shared with outputs a, d and f, which is

where the gate saving of a multi-output design comes from.

Implemented with shared product terms, the decoder ner.ds one AND gate for each distinct
product term appearing in the seven expressions (ter:n. suci. as A'C, B'C’'D’ and AB’C’ are each
built once and fanned out to every output that u.es tham), one OR gate per output to sum its
terms, and inverters for A’, B, C' and D' — Jour inverters in all, since every complemented
literal comes from these. Counting dis.inct product terms across all seven expressions gives
fifteen AND gates, plus seven OR g3t s and four inverters. Any attempt to shorten an individual
expression by grouping tr~uzh an invalia cell would light a segment for that invalid input and
break the blank-dispicv re Juirement, so this count is the minimum consistent with the question

as printed.

The Additional Output F

The output F is defined over the whole 4-bit binary input, not merely over the ten valid BCD
digits: F = 1 when the decimal equivalent of the input is an even number greater than 0, and 0
otherwise. The even 4-bit values greater than 0 are 2, 4, 6, 8, 10, 12 and 14, so F has 1s at

minterms 2, 4, 6, 8, 10, 12 and 14. On the K-map these are exactly the cells with D = 0 except

the cell 0000, which gives the compact result F = AD’ + BD' + CD’ = D'(A + B + C): the factor D’

enforces “even” (an even binary number ends in 0), and the factor (A + B + C) enforces “greater
than 0” by excluding the all-zero input. Restricted to the valid BCD digits, the same expression is

1 exactly for the digits 2, 4, 6 and 8, as one would expect; it is also 1 for the invalid inputs 10, 12
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and 14, whose decimal equivalents are even and greater than 0, while the display itself remains
blank for those inputs because all seven segment outputs are 0. One AND gate for the product
D'(A + B + C) — or three small AND gates summed by an OR gate, reusing the existing D’

inverter — implements F.

Conclusion

The decoder has been designed exactly to the L-inicd specification: a sixteen-row truth table
fixes the segment pattern of every digit and forces a blank display for the six invalid
combinations; the K-maps of Figur> S *hen give minimum expressions for the seven segment
outputs, with product terms “i.2r2a between outputs to minimise the gate count (fifteen AND
gates, seven OR gates ond feur invertars in total); and the extra output is F = D'(A + B + C),

which is 1 precisely for the even inputs greater than 0. Designs quoted in many books are

shorter only because they ireat the invalid combinations as don’t-cares and may therefore light

stray segments for them — a behaviour this question explicitly forbids.
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