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ALLAMA IQBAL OPEN UNIVERSITY, ISLAMABAD

Course: Business Mathematics (1429) e Level: B.A, B.Com
Semester: Autumn 2026

Assignment No. 2 (Units >—°)

SOLVED ASSIGNMENT CUIDE

(For Studv & \Nercrence)
Note: This guide is prepared for study and refe.ence purposes. Students are advised to read the relevant
units of the course book, understand t1e ~2ncepts and methods, and then write the assignment in their
own words. Total marks of th . ass.gt.ment are 1C0 (pass marks 40); each question carries the marks

shown with it. All working .. shc wn step by step so that the method can be followed and reproduced.

Question 1: Matrices (20 Marks)

a) Find the transpose of each of the following matrices: (i) A with rows (-1, 0, 0), (6, 9, -2), (-4,
5, 1); (ii) B with rows (6, -6), (4, 9), (-2, 0). b) If A'is the 3 x 3 matrix with rows (1, 2, 3), (-1, -2,
3), (3, 4, 5), find 4A - 3B. c) The quarterly sales of wheat, cotton, and corn for the years 2010
and 2011 are represented below in the form of matrices A and B. Find the total quarterly sales

of wheat, cotton, and corn for these two years.

Note on the printed question. Two printing notes must be stated honestly before the solutions,
because a study guide must never invent data. In part (b) the booklet prints matrix A only; the
matrix B needed for 4A - 3B is not printed anywhere in the booklet (and the B of part (a)(ii) is 3

x 2, so it cannot be subtracted from the 3 x 3 matrix A — the two do not even have the same
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order). Part (b) is therefore solved as far as the printed data allow: 4A is computed in full, the
entry-by-entry rule for subtracting 3B is stated, and a clearly labelled illustrative completion
shows the final step. In part (c) the booklet says the sales matrices are 'represented below', but
no matrices A and B are in fact printed below the question. Por% (c is therefore solved by the
correct method, with a fully worked example on illustrative fiqures that are clearly marked as
illustrative; the moment a student has the genu ne A and B, the identical addition gives the

answer.

Introduction

A matrix is a rectangular arr: 01 nurmbers arranged in rows and columns, and it is the natural
way to store business dawa: “ales of zeveral products over several periods, costs of several
inputs at several planw;, or marks of several students in several subjects all sit comfortably in
one matrix, with each position carrying a meaning fixed by its row and column. Once data are
stored in matrices, whole tables can be processed in single operations — added when periods
are combined, multiplied by a scalar when every figure is scaled, transposed when rows and
columns exchange roles. This question exercises those three elementary operations. Part (a)
asks for transposes, the operation of turning rows into columns. Part (b) asks for a linear
combination, 4A - 3B, which combines scalar multiplication with subtraction. Part (c) is the
addition operation wearing a business costume: two years of quarterly crop sales are to be
combined into a single table of totals. None of these operations is difficult, but all of them are

unforgiving of carelessness, because a single entry copied into the wrong position spoils a

whole table silently. The defences are the ones used throughout this guide: state the order of

every matrix before operating on it, work entry by entry with positions named, and check the
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order of the result, which must obey simple rules — addition and subtraction require identical
orders and preserve the order, scalar multiplication preserves the order, and transposition

interchanges the order.

Part (a): Transposes

The transpose of a matrix A, written AT, is obtained by w.iting the rows of A as the columns of
AT: the entry that stood in row i and column j mces to row j and column i. Consequently a
matrix of order m x n has a transpose of vrder 1. x m, and the main diagonal entries stay where
they are in a square matrix. (i) Ais 1.2 3. 3 matrix with rows (-1, 0, 0), (6, 9, -2) and (-4, 5, 1).
Its first row (-1, 0, 0) becor .~s the tirst column of AT, its second row (6, 9, -2) becomes the
second column, and i*s wnirc row (-4, 5, 1) becomes the third column. The transpose is
therefore the matrix wi*\i rows (-3, 6, -4), (0, 9, 5) and (0, -2, 1), printed in full below. A quick
check: the diagonal entrics -1, 9, 1 are unchanged, exactly as the rule promises, and
transposing once more would restore A exactly. (ii) B is a 3 x 2 matrix, with rows (6, -6), (4, 9)
and (-2, 0), so BT must be 2 x 3 — the change of order is the whole point of this example. The
rows of B become the columns of BT, and BT is the matrix with rows (6, 4, -2) and (-6, 9, 0).
Students should verify each entry by its coordinates: for example the entry -2 stands in row 3,

column 1 of B, so in BT it stands in row 1, column 3 — and indeed -2 is the third entry of the

first row of B". This position check, applied to two or three entries, is a complete safeguard

against the commonest transposition error, which is copying a row across when it should have

gone down.

Matrix A (as printed)
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Transpose AT — answer to (2)(i)

Transpose BT — answer to (a)(ii)

Part (b): The Combination 4A - 3B

Scalar multiplication multiplies every entry of a matrix by the same number, and subtraction of
matrices is performed entry by entry between matrices of the same order. The printed matrix is
A with rows (1, 2, 3), (-1, -2, 3) and (3, 4, 5). Multiplying every entry by 4 gives 4A with rows (4,
8, 12), (-4, -8, 12) and (12, 16, 20), as shown below. If the missing matrix B has entries bj;, then

3B has entries 3b;;, and 4A - 3B is the 3 x 3 matrix whose entry in row i and column j is 4a;; -
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3bj;: that is, its first row is (4 — 3bqy, 8 = 3bq,, 12 - 3by3), its second row is (-4 — 3by, =8 — 3b 5, 12
- 3b,s), and its third row is (12 — 3bs;, 16 — 3bs;, 20 - 3bss). No numerical completion is possible
until B is supplied, and any guide that printed one without comment would be fabricating the
question. To make the method fully concrete, here is the cor>~ietion for one illustrative B —
the figures in this paragraph are illustrative only and do \ o come from the booklet. If, for
example, B were the matrix with rows (1, 0, 2), (2. 1, 1, and (0, 3, 1), then 3B would have rows
(3,0,6), (6,3,3) and (0, 9, 3), and subtractin eii.y by entry from 4A would give 4A - 3B with
rows (1, 8, 6), (-10, -11, 9) and (12, 7, 7). ~he student's own B, when available, is substituted
into exactly the same three stey,s: nultiply A ty 4, multiply B by 3, subtract corresponding
entries. The frequent errurs in -uch prok!ems are subtracting before scaling, or worse, scaling

only the first row; f>rmir 3 4A and 32 as two separate complete matrices before touching the

subtraction prevents both.

Matrix A (as printed in part (b))

4A — the part of the answer fixed by the printed data
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Part (c): Total Quarterly Sales for 2010 and 2011

The method the question is testing is matrix addition. The sales for 2010 form a matrix A and
the sales for 2011 a matrix B. In the standard layout for such data, the three crops — wheat,
cotton and corn — label the three rows, and the four ouarers of the year label the four
columns, so both A and B are 3 x 4 matrices and the <otry 1> vow 1, column 3, for example, is
the wheat sales of the third quarter. The total sz'es o\ er the two years are then given by the
single addition A + B, in which every entry ~f tne answer is the sum of the corresponding
entries: (total); = a;; + bj;. Because the L20kict does not print the two matrices (see the note at
the head of this question), the t>'ov'ing compliste example uses illustrative figures, marked as
such, in exactly the prin'ed !~ycut; the student's own figures, once supplied, go through the
identical addition. Ihostravive A (2020j, in thousands of units: wheat row (40, 35, 50, 45), cotton
row (30, 28, 33, 31), corn row {20, 22, 25, 24). lllustrative B (2011): wheat row (44, 38, 55, 48),
cotton row (32, 30, 36, 34), corn row (21, 24, 27, 26). Adding quarter by quarter — wheat, first
quarter: 40 + 44 = 84, and so on through all twelve positions — the total matrix A + B has wheat
row (84, 73, 105, 93), cotton row (62, 58, 69, 65) and corn row (41, 46, 52, 50), as tabulated
below. Reading the answer: total wheat sales were highest in the third quarter (105 thousand
units in the illustration), and every crop's two-year total grew quarter by quarter in a pattern a
manager can read straight off the combined table — which is precisely why businesses store
such data as matrices in the first place. The checks are the usual ones: the answer must have

the same order as the two given matrices (3 x 4), and spot-additions of individual entries must

agree, for instance the corn figure for quarter 4, 24 + 26 =50 v/
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Table 1: lllustrative completion of part (c) — total sales matrix A + B (figures illustrative; method as

printed)

Crop \ Quarter
(illustrative
totals, 000 units)

Conclusion
To conclude: the transpose of th= 3 .- 3 matrix in (a)(i) is the matrix with rows (-1, 6, -4), (0, 9,
5), (0, -2, 1), and the traisr.:e of the 3 x 2 matrix in (a)(ii) is the 2 x 3 matrix with rows (6, 4,

-2), (-6, 9, 0). In pa-t (b, 4A has rows (4, 8, 12), (-4, -8, 12), (12, 16, 20), and 4A - 3B is

completed entry by entry as 4a;; — 3b;; once B is known; the booklet prints no B for this part, and

the illustrative completion above shows the remaining step without pretending to data that
were not given. In part (c), total two-year sales are the entry-by-entry sum A + B of the two
yearly matrices, with the worked illustrative table showing the layout and the addition in full.
The three operations share one discipline: respect the order of the matrices, since transposition
interchanges it, scalar multiplication preserves it, and addition and subtraction are meaningless
without it — and name the row and column of every entry while working, so that no figure can

silently wander into the wrong cell.

Solved Assignment Guide — AIOU Business Mathematics (1429), Assignment 2 — Page 8

Page 8 of 28 - USMAN NOTES (100% Quality Academic Reference) WhatsApp Orders: +92 324 5836626



USMAN NOTES | AIOU Code 1429 Solved Assignment 2 (Autumn 2026) Official Portal: www.usmannotes.com

Page 9 of 28 - USMAN NOTES (100% Quality Academic Reference)

Question 2: Determinants and Inverses of Matrices (20 Marks)

a) Find the determinant of the 4 x 4 matrix A with rows (1, 2, -1, 0), (0, 1, 2, 2), (1, 2, -1, 0), (2,
-1, 1, 0). a) [numbered 'a)' again in the booklet] Evaluate the following determinants: (i) the 3 x
3 determinant with rows (2, 3, -1), (1, 1, 0), (2, -3, 5); (ii) t'i1e 3 x 2 determinant with rows (2a,

a, a), (b, 2b, b), (¢, ¢, 2c). b) Find A"if A is the 2 x 2 matr..- witn rows (5, 7), (9, 13).

Introduction

Every square matrix has a single numher cttached to it called its determinant, and that one
number carries remarkable informaiicn: it tells whether the matrix can be inverted at all (it can,
exactly when the determirznt s 1,0t zero), it will reappear in the denominator when the inverse
is computed, and it mea-u.cs how the transformation represented by the matrix scales areas
and volumes. Determinants a!so reward observation before computation. Certain patterns
announce their answer in advance — a row or column of zeros, two identical rows or columns,

or a triangular arrangement — and the skilled student scans for these patterns first, because

they can turn a page of cofactor arithmetic into one line. This question is constructed to teach

exactly that hierarchy of skills. The 4 x 4 determinant of the first part looks formidable but
conceals a structural secret that settles it instantly, and finding the secret is plainly the point of
the exercise. The two 3 x 3 determinants of the second part are honest computations, one
numerical and one algebraic, the second of which also teaches the factoring properties of
determinants. The final part asks for the inverse of a 2 x 2 matrix, where the determinant
returns as the divisor and the answer can — and must — be verified by multiplying the matrix

by its supposed inverse to recover the identity matrix. Throughout, the working follows the
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cofactor (Laplace) expansion: the determinant of an n x n matrix is built from determinants of
size (n - 1) x (n — 1) with a chequerboard of + and - signs, and choosing the row or column with

the most zeros minimises the labour.

Part (a): The 4 x 4 Determinant — Two Identical Ro«s

Before expanding anything, compare the rows of A. Row * is (1, 2, -1, 0) and row 3 is (1, 2, -1,
0): the two rows are identical, entry for entry. / tundamental property of determinants states
that if two rows (or two columns) of a ma:rix are identical, its determinant is zero. The reason is
not mysterious: interchanging the .:o \dentical rows must, by the sign-change property of
determinants, change the sig~ ot t1.2 determinant, yet the matrix after the swap is exactly the
same matrix, so its det=rinuna it is unchanged; the only number equal to its own negative is 0.
Therefore det A = 0 in.7.ediately, with no expansion at all. For completeness and practice, the
same result can be seen kv expansion along the fourth column, which is the natural choice
because it contains two zeros: the entries of column 4 are 0, 2, 0, 0, so only the entry 2 in row 2
survives, with cofactor sign (-1)2(2+4) = +1. The determinant equals 2 times the 3 x 3 minor
obtained by deleting row 2 and column 4, namely the determinant with rows (1, 2, -1), (1, 2,
-1), (2, -1, 1) — and that minor itself has two identical rows, so it too is zero, confirming det A =
0 by direct computation as well. The consequence is worth noting: since det A = 0, the matrix A
is singular and has no inverse; any system of equations with this coefficient matrix cannot have

a unique solution. The lesson the examiner is teaching is that thirty seconds spent inspecting a

determinant can be worth ten minutes of expansion, and that a zero determinant is

information, not a failure — here it is detected twice over, by the identical rows of A and again

inside its own minor.

Solved Assignment Guide — AIOU Business Mathematics (1429), Assignment 2 — Page 10

WhatsApp Orders: +92 324 5836626



USMAN NOTES | AIOU Code 1429 Solved Assignment 2 (Autumn 2026) Official Portal: www.usmannotes.com

Part (a), continued: Evaluating the Two 3 x 3 Determinants

(i) Expand the determinant with rows (2, 3, -1), (1, 1, 0), (2, -3, 5) along its first row, applying
the sign pattern +, —, +. The first entry, 2, multiplies the minor obtained by deleting row 1 and
column 1, which is (1 x 5 -0 x (-3)) = 5, contributing 2 x 5 -: 13. Th2 second entry, 3, carries a
minus sign and multiplies the minor (1 x 5 - 0 x 2) = §, co.*ributing -3 x 5 = -15. The third
entry, -1, carries a plus sign and multiplies th: minor (1 x (-3) - 1 x 2) = -3 - 2 = -5,
contributing (-1) x (-5) = +5. The total is 10 - 15 + 5 = 0. The determinant is therefore 0. As with
the 4 x 4 case, this zero is not a mispri t to ve distrusted: this matrix too is singular. A student
who expected every exercise to »-oc'uce a 'nicc non-zero answer' might be tempted to fiddle a
sign until a different nun ber ~ppeared; th< correct response is to re-check the three minors —
each is short — accent th 2 verified zero, and note its meaning. (ii) The determinant with rows

(2a, a, a), (b, 2b, b), (c, c, 2c) contains a common factor in each row: a can be taken out of the

first row (every entry contains a), b out of the second row and c out of the third, using the

property that multiplying a single row by a constant multiplies the determinant by that
constant — here applied in reverse. The determinant therefore equals abc times the
determinant with rows (2, 1, 1), (1, 2, 1), (1, 1, 2). Expanding that simpler determinant along the
firstrow:2x(2x2-1x1)-1x(1x2-1%x1)+1x(1x1-2%x1)=2%x3-1x1+1x(-1)=6-
1 - 1 = 4. Hence the required determinant is 4abc. A direct expansion without factoring gives
the same result term by term — 2a(4bc - bc) — a(2bc - bc) + a(bc - 2bc) = 6abc - abc - abc =
dabc — and the agreement of the two routes is the check. The factoring route is the one to
remember, because it converts an algebraic expansion full of products into a numerical one,

and neat answers like 4abc are characteristic of determinants built on such patterns.

Solved Assignment Guide — AIOU Business Mathematics (1429), Assighment 2 — Page 11

Page 11 of 28 - USMAN NOTES (100% Quality Academic Reference) WhatsApp Orders: +92 324 5836626



USMAN NOTES | AIOU Code 1429 Solved Assignment 2 (Autumn 2026) Official Portal: www.usmannotes.com

Part (b): The Inverse of A = [[5, 7], [9, 13]]

For a 2 x 2 matrix with entries a, b in the first row and c, d in the second, the inverse is given by
A" =[1/(ad - bc)] x the matrix with rows (d, -b), (¢, a): the diagonal entries change places, the
off-diagonal entries change sign, and the whole matrix is dirideu by the determinant. Here a =
5 b=7 ¢c=9, d=13, so the determinantisad - b, =5 > 13 -7 x 9 =65 - 63 = 2. The
determinant is not zero, so the inverse exists — tl is chi:ck must come first, as Questions of this
type occasionally hide a singular matrix for ‘vhicn the correct answer is 'no inverse exists'.
Dividing by 2, the inverse is A™ = (1/2) » the 1natrix with rows (13, -7), (-9, 5), that is, the matrix
with rows (6.5, -3.5), (4.5, 2.5, Th» verification is compulsory and conclusive: multiply A by
A7.The (1,1) entry: 5x €5+ 7 x (-4.5)=325-31.5=1 /The (1,2) entry: 5% (-3.5)+ 7x 2.5 =

-17.5+17.5=0 /1he(21) entry: S x 6.5+ 13 x (-4.5) =58.5 - 58.5 =0 v/ The (2,2) entry: 9 x

(-3.5)+13x2.5=-31.5+325 =1 / The product is the identity matrix, which is the definition

of an inverse, so the answer is proved and not merely asserted. Note how small the
determinant was — 2, the difference of 65 and 63 — and how a single slip (writing 5 x 13 = 75,
for instance) would have poisoned every entry of the answer while leaving it looking plausible;
the multiplication check exists precisely to catch that class of error, and an inverse presented

without its check is unfinished work.

Conclusion

In summary: the 4 x 4 determinant is 0, because its first and third rows are identical (and the
same fact reappears inside its cofactor minor); the first 3 x 3 determinant also evaluates to O,
by the honest expansion 10 — 15 + 5; the second 3 x 3 determinant evaluates to 4abc, most

elegantly by factoring a, b and c out of the three rows and evaluating the remaining numerical
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determinant as 4; and the inverse of the matrix with rows (5, 7), (9, 13) is (1/2) times the matrix
with rows (13, -7), (-9, 5), verified by multiplication back to the identity matrix. The thread
connecting all four parts is that determinants are governed by properties, not just procedures:
identical rows force zero, row factors come out bodily, and tho “ett rminant stands guard over
the inverse as its divisor and its existence test. A stude’t wi.2 ~cans for structure first, expands
carefully second, and verifies last will find this family of questions among the most reliable

sources of marks in the whole paper.

Question 3: Differentiationy {20 Marks)

a) Sketch the graph of the rurve g ren by f(xj = x? = 5x + 6 and find its critical points. b) Find the
derivative of the functio.» f(:;; = x> — 24™ + 5x — 46. ¢) The position of a particle moving along a
straight line at time t is given by s = f(t) = 4t? + 1. Find the instantaneous rate of change att =2

seconds. d) The production costs per week for producing x widgets in a factory is given by C(x)

=50 + 35x - 0.9x2. Calculate the cost to produce the 301st widget at x = 30 [as printed; see the

note in part (d)].

Introduction

Differentiation measures rates of change and slopes. The derivative f'(x) of a function is itself a
function which, at each point, gives the slope of the tangent to the graph and the instantaneous
rate at which the quantity is changing. Almost everything in the applied half of this course flows
from that single idea: the velocity of a moving particle is the derivative of its position, the
marginal cost of production is the derivative of the total cost, and the peaks and troughs of a

graph — the critical points — are found where the derivative is zero. This question visits all
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three applications in turn. Part (a) combines curve sketching with the first critical-point
calculation: a parabola, whose vertex is located by setting the derivative to zero. Part (b) is pure
technique, the power rule applied term by term to a polynomial. Part (c) interprets the
derivative physically, as the instantaneous velocity of a partic!= whose position law is given.
Part (d) interprets the derivative economically, as marg'nal .ns. — the standard approximation
to the cost of one more unit — and it also ca ries 1 cautionary tale, because the printed
wording and the printed cost function do nuu sit comfortably together, and the honest
treatment below says so and shows cxact! what the printed numbers give. The power rule
used repeatedly is this: the deri otiv : of x" is n-x"™, the derivative of a constant multiple is the
constant times the derivutive. “he derivative of a sum is the sum of the derivatives, and the

derivative of a consiant is zero.

Part (a): Graph of f(x) = x* - 5x + 6 and Its Critical Points

The function f(x) = x> - 5x + 6 is a quadratic, so its graph is a parabola opening upwards (the
coefficient of x? is positive). Three landmarks fix its shape. First, the roots: factorising, x> — 5x +
6 =(x-2)(x-3),sof(x)=0atx=2andx= 3, and the curve crosses the x-axis at (2, 0) and (3, 0).
Second, the y-intercept: f(0) = 6, so the curve crosses the y-axis at (0, 6). Third, the critical point.
A critical point of a function is a point where the derivative is zero (or undefined); here f'(x) = 2x
- 5, and setting f'(x) = 0 gives 2x = 5, so x = 2.5 is the only critical value. The corresponding
function value is f(2.5) = (2.5)* - 5(2.5) + 6 = 6.25 - 12.5 + 6 = -0.25, so the critical point is (2.5,
-0.25). Since the parabola opens upwards, and since the second derivative f(x) = 2 > 0 confirms
it, this critical point is the vertex of the parabola and a minimum — the lowest point of the

curve, lying, as symmetry demands, exactly midway between the roots 2 and 3, and dipping just
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a quarter of a unit below the x-axis, which is why the two roots are so close together. A small
table supports the sketch: f(0) = 6, f(1) = 2, f(2) = 0, f(2.5) = -0.25, f(3) = 0, f(4) = 2, f(5) = 6. The
symmetry of the table about x = 2.5 (6, 2, 0, -0.25, 0, 2, 6) is the signature of the parabola and a
built-in check on the arithmetic. The graph is drawn in Figure 1 Tor :ompleteness: the function
is decreasing on (-o°, 2.5) and increasing on (2.5, =), which ‘s ©.xactly what the sign of f'(x) = 2x

- 5 says — negative before 2.5, positive after it.

Graph of f(x} =x"2-5x+ 6

Roots . =2 and x = 3
A \
N o
Vertex / critical poi
(2.5, -0.25) - minij

Figure 1: The parabola f(x) = x? - 5x + 6, with roots 2 and 3 and minimum (critical point) at (2.5, -0.25).

Part (b): Derivative of f(x) = x* — 3x'* + 5x - 46

Differentiate term by term with the power rule. The derivative of x® is 5x*. The derivative of
-3x" is -3 x 12x™ = -36x™. The derivative of 5x is 5. The derivative of the constant -46 is 0.
Collecting, f'(x) = 5x* - 36x" + 5. The two traps in this routine exercise are worth naming. The
first is the coefficient: the term is -3x', so the power 12 comes down and multiplies the

existing coefficient -3, giving -36; students who merely write —3x" have applied only half of the
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rule. The second is the exponent: each power falls by exactly one, so x™ gives x™ (not x™ still,
and not x™). The presence of a very high power, x', in a first exercise is unusual but changes
nothing about the method — the power rule is the same for x?, x> and x' — and indeed the
term -36x" dominates the behaviour of the derivative for larg~> | x| The result can be partially
checked by reversing it mentally: integrating 5x* ret ns x*> ‘.tegrating —36x" returns -36 x
x'?/12 = -3x", and integrating 5 returns 5x, while :he c.nstant -46 is invisible to differentiation

— a reminder that the constant of a function can ...ver be recovered from its derivative alone.

Part (c): Instantaneous Rate of Char,;eof s=4t>+1att=2

The position of the particle * titne tis s = f(t) = 4t> + 1. The instantaneous rate of change of
position — the velocit; — I1s the derivative ds/dt. Differentiating, ds/dt = 8t (the derivative of
412 is 8t, and the conswiic 1 vanishes). At the required instant t = 2 seconds, the instantaneous
rate of change is 8 x 2 = 1& units of distance per second. To appreciate what 'instantaneous'
adds, compare it with an average rate: between t = 2 and t = 3 the position moves from s(2) =

4(4) + 1 =17 to s(3) = 4(9) + 1 = 37, an average rate of 20 per second; betweent=2andt=2.1

the average rate is [4(2.1)2 + 1 - 17]/0.1 = [17.64 + 1 - 17]/0.1 = 16.4 per second; and as the

interval shrinks towards zero the average rate closes in on 16, the derivative's value. The
derivative is thus the limit of average rates, and 16 — not 17, the position, and not any
particular average — is the speedometer reading at exactly t = 2. The accompanying
observation is that the particle is speeding up: its velocity 8t grows steadily with time, its
acceleration being the constant second derivative d?s/dt> = 8. A complete answer therefore
states the rate, its value at the required instant, and its units: the instantaneous rate of change

of position at t = 2 seconds is 16 distance-units per second.
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Part (d): Marginal Cost — the Cost of One More Widget

The cost of producing 'one more' unit is approximated in business mathematics by the marginal
cost, the derivative C'(x) of the total cost function, evaluated at the current output: the extra
unit is small compared with total output, so the rate of char.ge uf cost is an excellent estimate
of the cost of the next unit, far quicker than computirs C(x ~ Z) = C(x) exactly. Here C(x) = 50 +
35x — 0.9x?, so the marginal cost function is C'(x) = 35 - 1.8x. Now the printed question must be
handled carefully. As printed it asks for 'the vast 1o produce the 301st widget at x = 30', and
those two numbers do not belong to tho sane situation: the 301st widget is the next unit when
300 have been produced (x = 3CL). vhile at x = 30 the next unit is the 31st. Both readings are
therefore worked here, ind *he student can present the one matching the tutor's intention.
Reading one — the rinte 1 x = 30: the marginal cost at x=30is C'(30) =35-1.8x30=35-54
= -19, and the exact cost of the 31st widget agrees closely, C(31) - C(30) = 270.10 - 290 =
-19.90. Reading two — the printed '301st' taken seriously, so x = 300: the marginal cost is
C’(300) = 35 - 540 = -505, with exact value C(301) - C(300) = -70,955.90 - (-70,450) = -505.90.
Both readings give a negative 'cost', and the negative sign is itself the most instructive part of
the question. A negative marginal cost means total cost falls as output rises, which happens for

this function because the -0.9x? term eventually overwhelms the +35x term: total cost here

increases only up to x = 35/1.8 = 19.4 widgets and decreases thereafter. Real cost functions do

not behave like that over any wide range; the given function can sensibly describe this factory
only for small outputs (roughly x below 19), and the exercise — a standard textbook one — is
designed for the marginal-cost computation C'(x) = 35 - 1.8x and its evaluation, which the

student should present exactly as above, noting the sign rather than concealing it. The method,
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not the awkward numbers, is the mark-earning content: define marginal cost as the derivative,

differentiate, evaluate at the stated output, and interpret the result.

Note on the printed question. The booklet's pairing of '301st widget' with 'x = 30' is internally
inconsistent, as shown above. This guide follows the printeu functiun exactly and reports both

evaluations faithfully; nothing has been silently alterer! 1~ forc - a tidier answer.

Conclusion

To conclude: the parabola f(x) = x> - 5x + ¢ crosses the axes at (2, 0), (3, 0) and (0, 6) and has a
single critical point, the minimum a. (+.Z, -0.25), where f'(x) = 2x — 5 vanishes. The derivative of
x> = 3x + 5x - 46 is 5x* - 36.-" ~ 5, by the nower rule applied term by term. The particle with
position s = 4t? + 1 has .nst=2r.caneous rate of change 8t, which at t = 2 seconds equals 16 units
per second. And the widget factory has marginal cost C'(x) = 35 - 1.8x, evaluating to -19 at the
printed x = 30 (exact cost of the next unit -19.90) or -505 at x = 300 (exact -505.90), the
negative sign exposing the limited range over which the printed cost function behaves
realistically. One tool — the derivative — has served as slope-finder, velocity and marginal cost
in a single question, which is precisely the unity the calculus units of this course are built to

demonstrate.

Question 4: Partial Derivatives (20 Marks)

a) Find the values of df/dx and 9of/dy at the point (4, -5) if f(x, y) = 2x> + xy> + y - 1. b) Find the
second partial derivatives of the function f(x, y) = x*(2y) + y? [exponent as printed]. c) If f(x, y) =

4x? + 2y? + xy, find the critical points and determine if they are maxima or minima.
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Introduction

A function of two variables, z = f(x, y), describes a surface rather than a curve: profit depending
on the prices of two products, output depending on labour and capital, cost depending on the
quantities of two goods. Its rates of change must therefore k2 wuken one variable at a time. The
partial derivative 0f/dx is the ordinary derivative with -espe~* to x while y is held constant —
the rate of change along a slice of the surface paralle] to the x-direction — and 0f/dy is the
mirror image with the roles exchanged. Pai: (a) of this question asks for both first partial
derivatives of a polynomial function, evaiuated at a specified point, which is the basic
computational skill. Part (b) clim*.~ c1e storey: the second partial derivatives fy, f_y_y and the
mixed derivative f,_y, whick describe how the first rates of change themselves change, and
which are the raw 1. aterial of the rnaxima—minima test in Part (c). That final part applies the
two-variable second-derivative test: at a critical point where both first partials vanish, the sign
of the discriminant D = fy, f_y_y - (f,_y)? together with the sign of f,,, decides whether the
point is a local maximum, a local minimum or a saddle. The three parts therefore form one
connected story — rates, rates of rates, and the classification of stationary points — and the
same discriminant machinery returns in Question 5 for an optimisation problem. One
notational comfort: for all well-behaved functions, including every function in this paper, the
mixed derivatives are equal, fx_y = f_y, (Clairaut's theorem), so the mixed derivative need only

be computed once, the second computation serving as a check.

Part (a): First Partial Derivatives of f(x, y) = 2x*> + xy? + y - 1 at (4, -5)

To find 8f/dx, treat y as a constant and differentiate with respect to x. The term 2x? gives 4x.

The term xy?, in which y? is a constant multiplier, gives y2. The term y is a constant as far as x is
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concerned, so it gives 0, as does the constant —1. Hence df/dx = 4x + y2. Evaluating at the point
(4, -5): of/0x = 4(4) + (-5)*> = 16 + 25 = 41. To find 0f/dy, treat x as a constant and differentiate
with respect to y. The term 2x? is now constant and gives 0. The term xy? gives x x 2y = 2xy. The
term y gives 1, and -1 gives 0. Hence 9of/dy = 2xy + 1. Evaluating = (¢, -5): of/d0y = 2(4)(-5) + 1 =
-40 + 1 = -39. So at the point (4, -5), 8f/0x = 41 and ©./dy = - 39. The interpretation gives the
numbers meaning: at that point on the surface, riovin ' a small step in the positive x-direction
increases f steeply, at a rate of about 41 ur.'ts Lo/, unit step, while moving in the positive y-
direction decreases f at a rate of abou: 52 » >r unit step; the surface is sloping strongly upward
one way and downward the oti or, .'ke a steep hillside traversed diagonally. Two routine slips
should be guarded again.t. In 0f/0x, students sometimes differentiate y? as though y were x,
producing a spurioL- 2y 13rm; the geiden rule is that while differentiating with respect to one
variable, every appearance of the other variable is just a number. And in evaluation, (-5)? is

+25, not -25 — the squaring of a negative ordinate is exactly where sign marks are lost in this

standard exercise.

Part (b): Second Partial Derivatives of f(x, y) = x*(2y) + y3

As printed, the first term is x raised to the power 2y, where the exponent itself contains the
variable y; the domain is x > 0, as real powers of this kind require. Such a term must be handled
by the two faces of the power: with respect to x it behaves like a power function x" with n = 2y,
and with respect to y it behaves like an exponential, since x*(2y) = e*(2y In x). The first partial
derivatives are: of/0x = 2y - x*(2y - 1) (power rule, exponent 2y treated as constant), and of/dy
=2 In x - x*2y) + 3y? (exponential rule for the first term: multiply by the derivative of the

exponent 2y In x with respect to y, which is 2 In x; ordinary power rule for y3). Differentiating
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once more: fyx = 0/0x [2y - xM(2y-1)] = 2y(2y - 1) - x*(2y - 2). Next, f_y_y =0/0y [2 In x - x*(2y) +
3yl =2 1Inx - [2 In x - x*2y)] + 6y = 4(In x)* - x*2y) + 6y. Finally the mixed derivative,
differentiating 0f/dx with respect to y (y now appears both as the leading factor and inside the
exponent): f,_y = 2 - xM2y-1) + 2y - xM2y-1) - (2 In x) = 2xM? -1) [1 + 2y In x]. By Clairaut's
theorem f_y, is the same expression, which may be ~onti,m.d by differentiating df/dy with
respect to x — a worthwhile exercise, since agrzement of the two mixed derivatives is the
standard internal check on second-order woi“. 1i.c complete set is therefore: fy = 2y-x*(2y-1);
f_y = 2(In x)-xM2y) + 3y?% fu = 2y(2y -1) 22 2y-2); fy_y = 4(In x)*x*2y) + 6y; fi_y = f_yx =

2xM2y-1)[1 + 2y In x].

Remark on the reading of ~i.= term. If the printed term is read in the other typographically
possible way, as f(x, y\ = x y + y* — the common textbook form of this exercise, in which the y is
a multiplier rather than part of the exponent — the answers are correspondingly simpler, and
they are recorded here so that the student is covered under either reading: fx = 2xy, f y = x* +
3y?, fux = 2y, f y_y =6y, and f,_y = f_yx = 2x. The same three-step routine produces them: first
partials by holding one variable constant, then differentiate each first partial once more, and

check the mixed derivatives against each other.

Part (c): Critical Points of f(x, y) = 4x? + 2y? + xy

The first partial derivatives are f, = 8x + y and f_y = 4y + x. Critical points occur where both
vanish simultaneously. From the first equation, y = —8x. Substituting into the second: 4(-8x) + x
=0gives -32x + x=-31x =0, so x = 0, and then y = -8 x 0 = 0. The function therefore has exactly

one critical point, the origin (0, 0), at which f(0, 0) = 0. To classify it, compute the second partial
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derivatives: fix = 8, f .y y = 4, and f,_y = 1 (constants, since the function is quadratic). The
discriminantisD=fx - f y y- (f,_y)?=8%x4-12=32-1=31.SinceD=31>0and fx=8>0,
the second-derivative test declares (0, 0) a local minimum. More can honestly be said here: the
minimum is in fact global, because the quadratic form 4x? + xy + Zy- is positive for every (x, y) #
(0, 0) — for instance it may be written as 4(x + y/8)? + [11/1.W?, a sum of squares with positive
coefficients, which is zero only at the origin — sc f(x, y) = 0 everywhere and the least value of
the function anywhere is f(0, 0) = 0. Geometri~any .ne surface is an elliptic bowl whose rim rises
in every direction, tilted slightly by the -1 vz2-term xy, with its bottom at the origin. The contrast
with a saddle is instructive and } -ev. 2ws Question 5: there the same test will return D < 0, and

the stationary point will Fe a nass betweer: hills rather than the bottom of a bowl — the sign of

D, positive here at 3. is p “ecisely what separates the two landscapes.

Conclusion

In conclusion: for f(x, y) = 2x* + xy? + y — 1, the partial derivatives at (4, -5) are df/0x = 41 and
of/dy = —=39. For f(x, y) = x*(2y) + y® as printed, the second partial derivatives are f,x = 2y(2y —
1)xM2y-2), .y y = 4(In x)>xM2y) + 6y and f,_y = f_y, = 2x*2y-1)[1 + 2y In x], with the

alternative reading x%y + y® — giving fux = 2y, f_y_y = 6y, f,_y = 2x — also recorded. And f(x, y) =

4x? + 2y? + xy has the single critical point (0, 0), which the second-derivative test (D = 31 > 0, fxx

> 0) identifies as a minimum, indeed the global minimum, with least value 0. The governing
ideas are few and reusable: differentiate with respect to one variable while honestly treating
the other as constant; evaluate carefully, especially squares of negative numbers; use the

equality of the mixed derivatives as a check; and classify stationary points by the discriminant D
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together with the sign of f,x — the exact machinery that the optimisation question now puts to

work.

Question 5: Optimisation (20 Marks)

a) Find the interval on which f is increasing, decreasing, zc~ave up, and concave down for f(x)
= 3x3 - 2x - 15. b) A company manufactures two (,nes of a certain product. The joint cost
function for producing x units of product A a~d v units of product B is given by ¢ = x2 + 8xy + 10.
Find the quantity of each that results in *he lowest cost. c) Locate the critical points and

determine their nature for the funct' o {x) = -2x2 + (1/4)x*.

Introduction

Optimisation asks w. ere a function is largest or smallest, and how it travels between those
extremes. The analysis rests <ri two derivatives. The first derivative f' controls direction: where
f' > 0 the function is increasing, where f' < 0 it is decreasing, and where ' = 0 the graph levels
out at a critical point. The second derivative f controls bending: where f’ > 0 the graph is

concave up (shaped like a cup), where f* < 0 it is concave down (shaped like a cap), and the

points where concavity changes are points of inflection. Part (a) of this question is a complete

workout of that programme on a cubic. Part (b) transfers the idea to two variables and a
business setting, a joint cost function of two products — and, taken exactly as printed, it
contains a genuine surprise, examined honestly below: its only stationary point is a saddle, so
there is no interior pair of quantities giving a lowest cost, and the correct professional answer is
to demonstrate that, not to manufacture quantities the mathematics does not support. Part (c)

returns to one variable with a quartic having three critical points of different characters, an
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ideal test of the second-derivative test. Together the three parts exhaust the standard cases:
monotone stretches separated by turning points, concavity separated by an inflection, a two-
variable stationary point classified by the discriminant, and maxima and minima side by side on
one curve. Sign charts are the organising tool throughout: fac.~ ch 2 derivative, mark its zeros
on a line, and test the sign in each interval — a rov’ine 'h7., once mastered, settles every

guestion of this type.

Part (a): Increasing, Decreasing and “onca ‘ity of f(x) = 3x*> - 2x - 15

Differentiate: f'(x) = 9x2 - 2 and f’(. ; = 15.~. The critical values come from f'(x) = 0: 9x2 = 2, so x?
=2/9 and x = +V2/3 = £0.477. Testiag the sign of f on the three intervals these values create:
forx<-0.471,sayx= 1,1 =< -2=7:»9,so fisincreasing on (-o=, -V2/3); between the roots,
sayx=0,f =-2<0, so €is decreasing on (-vV2/3,v2/3); and for x >0.471,sayx=1,f =7>0, so
f is increasing on (V2/3, ). Consequently x = -V2/3 carries a local maximum, with value
f(-0.471) = 3(-0.1047) + 0.943 - 15 = -14.37, and x = +V2/3 carries a local minimum, with value
f(0.471) = -15.63; the function rises to the first, falls to the second, and then rises for ever, as a
cubic with positive leading coefficient must. For concavity, f’(x) = 18x is negative when x < 0
and positive when x > 0, so the graph is concave down on (-=°, 0) and concave up on (0, o),

with a point of inflection at x = 0, where f(0) = -15: the curve passes through (0, -15) changing

its manner of bending there, cap-shaped on the left and cup-shaped on the right. The complete

answer is therefore: increasing on (-0, -0.471) and on (0.471, o=); decreasing on (-0.471,
0.471); concave down on (-2, 0); concave up on (0, =); local maximum = -14.37 at x = -0.471,

local minimum = -15.63 at x = +0.471, inflection at (0, -15). Figure 1 draws the curve with these
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features marked; note that the local maximum (-14.37) lies above the local minimum (-15.63),

as it must, and that both are local only — the cubic itself is unbounded in both directions.

Graph of f(x) = 3x™3-2x-15

Local max
x =-0.471

Local min
X =+40.471

Figure 1: f(x) = 3x3 - 2x - 15: local maximum at x = -0.471, local minimum at x = +0.471, inflection at x =

0.

Part (b): The Joint Cost Function c = x? + 8xy + 10 — an Honest Analysis

The standard method is the one used in Question 4(c): find where both first partial derivatives
vanish, then apply the second-derivative test. Here dc/0x = 2x + 8y and dc/dy = 8x (the
derivative of x* with respect to y is 0, the derivative of 8xy with respect to y is 8x, and 10 is
constant). Setting both to zero: from dc/dy = 8x = 0 we get x = 0, and then dc/dx =2(0) + 8y=0
gives y = 0. The only stationary point is (x, y) = (0, 0), at which ¢ = 10. The second partial
derivatives are ¢,x = 2, c_y_y =0 and ¢,_y = 8, so the discriminant is D = c,x C_y_y — (Cx_Y)*> = 2 x
0 - 8% = -64. Since D < 0, the stationary point is a saddle point — neither a maximum nor a

minimum. The conclusion, stated plainly, is that the cost function as printed has no pair of
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positive quantities (x, y) that yields a lowest cost: for positive x and y the cross-term 8xy pushes
cost upward, while formally allowing negative y would drive the function down without bound,
which is meaningless for quantities of a product. Restricted to the only sensible domain, x 2 0
and y > 0, cost is smallest at the corner (0, 0) with ¢ = 10 — tha* ‘s, Ly producing nothing, which
merely restates that this printed function, which rises wth e ‘ery unit produced and contains no
revenue or demand side, poses no genuine produ :tion planning problem. This outcome should
be reported, not disguised. Students meeting u..5 question in the examination hall should
reproduce exactly the analysis above — »ortial derivatives, the stationary point (0, 0), the
discriminant D = -64 < 0, the ve Jict saddle point; no interior minimum exists' — because that
is the mathematically cr.rrect answer to the question as printed, and it demonstrates the
second-derivative tcst mcre convincingly than a routine minimum would. (Joint-cost exercises
of this family normally contain terms in both x? and y? and linear terms, which do produce an
interior minimum under the same method; the method itself is identical, and it is the printed

function, not the method, that yields the saddle here.)

Part (c): Critical Points of f(x) = -2x? + (1/4)x* and Their Nature

Differentiate: f'(x) = -4x + x3, which factorises conveniently as f'(x) = x(x? - 4) = x(x - 2)(x + 2).
The critical points are where f' = 0: x = 0, x = 2 and x = -2. The second derivative is f’(x) = -4 +
3x2. Classify each point in turn. At x = 0: f*(0) = -4 < 0, so x = 0 is a local maximum, with value
f(0) =0. Atx=2:f"(2) =-4+ 12 =8 >0, so x = 2 is a local minimum, with value f(2) = -2(4) +
(1/4)(16)=-8+4=-4. Atx=-2:f"(-2)=-4+12=8>0, so x = -2 is also a local minimum, with
value f(-2) = -8 + 4 = -4, the same as at x = 2 — as expected, since f is an even function (it

contains only even powers of x), its graph is symmetric about the y-axis and the two minima
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must mirror each other in position and value. A sign chart for f' confirms the classification from
the direction of travel: f is increasing on (-2, 0) and (2, ==), and decreasing on (-o=, -2) and (O,
2), so the graph descends into the minimum at (-2, -4), climbs to the maximum at (0, 0),
descends again to the minimum at (2, -4), and then climbs wit~~ut Yound as the x* term takes
over. Because the function tends to +e° at both ends, *'1e t\ ‘0 ‘ocal minima are also jointly the
global minimum: the least value of f anywhere is - 4, atiiined at two points. The local maximum
value 0 at x = 0, by contrast, is exceeded fo, laig_ |x|, a useful reminder that 'local' in these

verdicts is a precise word. Figure 2 dravs 2~ characteristic W-shaped curve.

_Groph ebébxhvaxdxo)2 + (1/4)x74

Minima (-2, -4) and (2, -4)

Figure 2: f(x) = -2x% + (1/4)x* with local maximum (0, 0) and minima (-2, -4) and (2, -4).

Conclusion

To conclude: for f(x) = 3x3 - 2x - 15, the function is increasing on (-e°, -0.471) and (0.471, o),

decreasing on (-0.471, 0.471), concave down on (-=°, 0) and concave up on (0, =), with a local
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maximum of about -14.37 at x = -v2/3, a local minimum of about -15.63 at x = +V2/3, and an
inflection point at (0, -15). For the joint cost function as printed, ¢ = x? + 8xy + 10, the sole
stationary point is (0, 0) and the discriminant D = -64 < 0 classifies it as a saddle, so no interior
lowest-cost production pair exists — over non-negative quant.*i_s (ost is minimised trivially at
zero production, and the correct examination answer ic the Jder.1onstration itself. For f(x) = —2x2
+ (1/4)x*, the critical points are x = -2, 0 and 2: m nima of -4 at both x = -2 and x = 2 (together
the global minimum) and a local maximum ot ¢ .t x = 0. The single routine behind all three
parts deserves to be stated one final tiic. ~¥ferentiate, solve f' = 0 (or Vf = 0 in two variables),
and classify with ' or the disc !mii ant D, repcrting honestly whatever the signs declare —

including, as Part (b) shov.s, whon they deciare that the hoped-for optimum does not exist.
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